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Letj(z) = Lk~O akzk be an entire function, As usual, write

M(r) = max! j(z)1 '
!zl=r

Let us denote

where 1Tn is the class of all algebraic polynomials of degree at most n.
Recently, we have proved the following result [4, Theorem 7'].

(1)

THEOREM 1. Let j(z) = L;~o a"z\ ao> 0, ak :;:: 0 (k :;:: 1), be an entire
function satisfying the assumptions

and

I, log log M(r) A' I
1m sup = T-

r·x log log r
(0 <: A <: ro) (2)

. log M(r)
hm sup (I ).1+1 = BI ,

r->CD og r

Then

I , . f log M(r) - b .
1m III (I ).1+1 - I,

r->x og r

lim sup An-(A+l)fA <: 1.
n-WJ O.n

(0 <: b l ~ B I <: 00).

(3)

(4)

Remark, Theorem 7 of [2] follows from (4).
We prove here the following

THEOREM 2. Under the assumptions of Theorem 1,

I, \n-(A+l)fA > ( -A ) (5)
I~->~UP 1\0,n ;;c--- exp (A + I)[BI(A + 1)]1/.1 .
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POSITIVE REAL AXIS APPROXIMATION

For proof we need:

207

LEMMA 1.[3]. Let fez) = L:=o akzk be an entire function satisfying the
assumptions 0 < A < 00 and 0 < B l < 00. Then

nLl+1
lim sup {I I 1/ I}Lln-·oo og an

(A + 1).1+1 B l

ALl
(6)

(8)

Proof of Theorem 2. Let E > O. The coefficients of j(x) being non
negative, we have from (3), for r :? ro(E) and 0 ~ x ~ r,

o < j(x) ~ j(r) = M(r) ~ exp(BI(l + E)(10g r)Ll+1). (7)

From (7), for

([
2n ]1/(Ll+1»)

r = exp Bl(l + E) ,

we obtain
o < j(x) ~ j(r) ~ e2n •

It is clear from (4) that there is a q > 1 for which, for all n :? n1(E),

qn(.1+l)/A s: A-I
~ O.n·

(9)

(10)

From (9) and (10) we get, for all n :? n :? max(n1 , no),

o<j(x) ~j(r) ~ e2n < eUOgqln(A+l)/.1 ~ Ao.~. (11)

Next, we pick P n * E 1Tn , which gives best approximation in the sense of (l).
Then from (1),

-rex) j2(x)
j(x) + A 1 ~ Pn* - j(x) ~ A 1 - j(x) ,

Oon Oon

It is easy to derive from (12),

o~ x ~ r. (12)

Next, let

e4n

II Pn * - j(x)11 ~ A-I 2n'
Oon - e

n :? n. (13)

(14)

We obtain from (13) and (14)

e4n

En(f) ~ A-1 _ e2n
O.n

for all n :? n. (15)
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By applying a result of Bernstein [1, p. 10] to (14), we obtain

(16)

From Lemma 1 we get for a sequence of values n = n1J, p ?'o po(€), c =
(l-€)'.

(17)

From (8), (15), (16), and (17), we get for all such n,

[ ((
2n )1/(.1+1) (n + I)(A+1)/A A ) e4n

exp B (1 + E) - (A + I)(A+1)/JI B1/A ] 2-(2n+1) ~ A-I _ e2n 0

I I c O,n

(18)

A simple calculation based on (18), gives for such n,

(
(n + I)<A+1)/JI A )

\),~ ~ 2
8n

exp (A + I)(A+1)/A BUJl
c

•

From (19) we easily obtain the required result by noting that c -+ 1.
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